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Abstract

Longitudinal 3D medical imaging captures disease trajectories over time and is
central to monitoring progression in many diseases. Existing self-supervised learn-
ing (SSL) methods for volumetric medical images largely operate in Euclidean
latent spaces and do not explicitly encode temporal ordering. We propose a self-
supervised framework that learns longitudinal representations in Lorentz hyperbolic
space. For visit pairs from the same patient at different times, our model combines
a hyperbolic contrastive objective with a temporal entailment loss and a time differ-
ence aware hyperbolic margin loss to enforce progression-consistent ordering in the
time-like (radial) dimension. Experiments on MRI- and OCT-based degenerative
disease cohorts show strong performance versus recent Euclidean and hyperbolic
baselines, and ablations confirm that temporal constraints are important. To the
best of our knowledge, this is the first hyperbolic representation learning approach
for longitudinal medical imaging trajectories.

1 Introduction

Longitudinal 3D scans (e.g., serial MRI and OCT) provide time-resolved structural information that is
essential for tracking disease onset and progression. Supervised approaches that exploit longitudinal
labels achieve strong performance but require expensive annotations and curated follow-up data.
Self-supervised learning (SSL) offers a way to pretrain robust volumetric encoders from unlabelled
imaging trajectories and then fine-tune for downstream clinical tasks, reducing annotation demands.

Most prior SSL methods for volumetric imaging extend contrastive or reconstruction objectives and
operate on Euclidean embeddings. Euclidean latent spaces, however, lack intrinsic mechanisms to
represent directed progression: distances grow linearly and do not naturally capture hierarchical
divergence or accelerating change. In particular, they do not possess an inherent directionality that can
be used for temporal alignment. On the other hand, hyperbolic geometry, characterized by constant
negative curvature and exponential volume growth with radius, has been successful for hierarchical
and tree-like data and has recently been adapted for representation learning in vision. In particular,
the Lorentz (hyperboloid) model provides a natural time-like coordinate: distance from the origin
increases exponentially and can encode progression along a preferred direction. We hypothesize that
hyperbolic latent spaces provide useful inductive biases for longitudinal trajectories where small
changes near baseline correspond to slowly evolving states while larger radii capture accelerated
divergence. Based on this hypothesis, we propose to couple contrastive learning with hyperbolic
temporal ordering for longitudinal representations.
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2 Related work

Longitudinal SSL.  Siamese-based approaches for longitudinal data typically use pairs or short
subsequences with pretext tasks such as time-gap regression [10], order prediction [8], or temporal-
change prediction within contrastive learning [4]. Another line of work focuses on time-related
directionality using a learnable temporal embedding [11] or metadata-aware kernels [3].

Hyperbolic representation learning Hyperbolic representation learning aims to capture inherent
data structures, such as whole-part relations [6, 1], specific-vs-prototype behavior, and hierarchical
organization. Most methods extract embeddings in Euclidean tangent space and then lift them to
hyperbolic space for loss computation and evaluation. MERU [2], a seminal method, learns image-
text representations in hyperbolic space by modeling cross-modal hierarchy: text embeddings are
placed closer to the origin (more generic) and image embeddings farther away (more specific), with
an entailment loss that enforces image points to lie inside text-defined cones. In medical imaging,
hyperbolic methods have mainly targeted semantic hierarchies [1] or anomaly detection [5], rather
than explicit longitudinal temporal ordering.

3 Method

Problem A patient in a longitudinal medical imaging cohort is regularly monitored over multiple
visits. A 3D scan of a patient at visit time ¢ is denoted by x; € RP>*#*W A transformer-based
encoder fy : X — L maps each scan to a hyperbolic representation z, = fy(x;) on the Lorentz
hyperboloid with curvature — K. The downstream predictor h,, estimates conversion within horizon
7 from a single-visit embedding z;.

Hyperbolic Spaces Hyperbolic space is a complete, simply connected Riemannian manifold (M, g)
with constant sectional curvature —K (K > 0), yielding exponential volume growth relative to Eu-
clidean space. Among equivalent models (Poincaré ball, upper half-space, and Lorentz/hyperboloid),
we use the Lorentz model because it is numerically stable at large radii and admits closed-form
geodesics [7]. In the Lorentz model, L is embedded in Minkowski space R"™! with Lorentzian
inner product:

(X,¥)e = —Toto + Y _ TkYx- )
k=1
The manifold constraint is (x,x), = —1/K. The n-dimensional hyperboloid of curvature —K is
the upper sheet:
1
o= {x R (xe = - 0> 0, @

The tangent space at a point z € L% is a Euclidean space consisting of vectors Lorentz-orthogonal to
that point:
T, L% = {v e R"" | (z,v); = 0}. 3)
The exponential map lifts v € Tkl to the manifold:
v
exp, (v) = cosh (\/I? ||V||L) x + sinh (\/E ||VHL) _— @)
VE vl
The origin is defined as o = (1/\/?, 0,..., O). For X = (Ztime, Tspace) With Zepace € R™, the
time-like coordinate is recovered from the spatial coordinates as:
=\ 5 + [ )
Ttime = K xspace 9
which reconstructs the full Lorentz point from its spatial part [2, 9].

In MERU [2], the encoder backbone produces image embeddings in Euclidean tangent space around
the hyperboloid origin, allowing standard Vision Transformer architectures. These embeddings are
then lifted with the exponential map to obtain hyperbolic embeddings z for pretraining and inference.
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Figure 1: Our proposed models aims to utilize inherit time like dimension x;,,. of Lorentz model to
learn correct temporal ordering of medical images.

3.1 Temporal entailment loss

Earlier-visit scans are inherently more ambiguous (prototype-like) and should lie closer to the
hyperbolic origin; later visits should be placed at larger radii along a consistent direction. The
underlying assumption is that as degenerative diseases progress, images become more specific. We use
the time-like dimension 2;;m,. to enforce longitudinal ordering in hyperbolic space as z;+ At time >
2t time- In our formulation, this is aligned with radial ordering because, in the Lorentz model, z¢;me
is a monotonic function of radius (equivalently, distance to the origin).

We adapt the cone-based MERU loss to a longitudinal setup. For a sampled pair of visits at times ¢ and
t + At of one subject, with At > 0, let z; = fo(x¢) and z; - a; = fo(Xr1ar). A cone half-aperture
at z, that depends on its spatial norm (preventing degenerate cones near the origin) is defined as:

2e
aper(z;) = arcsin| ——— |, e > 0. 6)
<¢K 20spacel )

The exterior angle ext(z¢, Z;+A¢) measures angular deviation of z;1 a; relative to the cone axis at z;.
It is defined as:

1 [ 24t time + 2t time - (K (2, Zerat) )
Hzt,spaceH\/(K<Ztyzt+At>c)2 -1

The temporal entailment 10ss is Lentail (Z¢4at; 2¢) = max (0, ext(z;, z¢4a¢) — aper(z;)). The final
training objective combines the contrastive term with the entailment term:

‘Cmeru = ﬁcont +A Lentail (8)

For pull/push operations, we use the geodesic distance in the Lorentz model:

(N

ext(z¢, Zeyat) = cOS™

dp(z,y) = \/% -arccosh (—K{x,y)r) )

3.2 Hyperbolic Margin Loss

While MERU loss (Eq. 8) enforces temporal ordering, it does not explicitly account for varying At.
Additionally, the contrastive term pulls z; and z;, A closer. We therefore introduce a margin-based
loss based on At and distance to the origin, focusing on progression in the time-like direction:

At
Lunargin = max (0, arccosh (1 + K) +dy(0,2;) — di(o, ztw)) (10)

The final objective is Limargin + Lmeru-



Table 1: ADNI results.

Method 1 year 3 years
PRAUC ROCAUC PRAUC ROCAUC
yAware [3] 0.185 0.725 0.285 0.717
ATMG [9] 0.123 0.657 0.232 0.654
MERU [2] 0.193 0.733 0.289 0.709
Ours 0.240 0.708 0.327 0.704

Table 2: HARBOR 12-month results.

Method PRAUC ROCAUC

TC [4] 0.123 0.605
ATMG [9] 0.104 0.576
MERU [2] 0.117 0.602
Ours 0.113 0.586

4 Experiments

We used longitudinal cohorts including ADNI (brain MRI) and HARBOR (retinal OCT), each with
multiple visits per patient, for pretraining and downstream evaluation. During pretraining, we fixed
curvature to K = 1 and scaled the final layer normalization to avoid numerical overflow. Linear
evaluation uses clinical conversion tasks within specific time windows (ADNI: 1y and 3y conversion
from Mild Cognitive Impairment to Alzheimer’s disease; HARBOR: 12-month conversion from
intermediate age-related macular degeneration (AMD) to wet-AMD) from a single visit. We report
PRAUC and ROCAUC. The PRAUC baselines are 0.07 for ADNI 1y, 0.18 for ADNI 3y, and 0.11
for HARBOR 12m. For hyperbolic models, classification is performed in hyperbolic space using
Lorentz multinomial logistic regression. Comparisons include hyperbolic baselines MERU [2] and
ATMG [9], and domain-specific longitudinal baselines yAware [3] (ADNI) and TC [4] (HARBOR).

Table 3: ADNI ablation on temporal constraints (PRAUC).

Method ADNI 1y ADNI 3y
Ours 0.240 0.327
Hyperbolic Contrastive 0.132 0.304
Reversed Temporal Order 0.142 0.245

Results Our model improves minority-class performance (PRAUC), while ROCAUC changes are
more modest (Table 1). This is expected in imbalanced longitudinal tasks, where detecting future
converters is harder than global ranking. HARBOR remains a more challenging regime in terms of
ROCAUC, where performance differences are minimal across models (Table 2).

Ablation Table 3 isolates temporal design choices. Removing entailment and margin loss terms hurts
PRAUC, indicating the need for temporal SSL. Additionally, we reverse temporal direction to test
whether healthier scans are less specific. The performance drop supports the assumption that our
approach benefits from the inherent hierarchical structure of hyperbolic space and from the inductive
bias that progression should map to outward radial movement.

5 Conclusion

Positioning longitudinal embeddings in Lorentz hyperbolic space and enforcing temporal entailment
together with a margin constraint yields intrinsic ordering of visits without auxiliary information.
To the best of our knowledge, this is the first application of hyperbolic representation learning to
longitudinal medical imaging trajectories. We also observe that, due to the exponential geometry of
hyperbolic space, the margin term can induce large embedding norms, which may cause numerical
overflow and degraded performance. This suggests that the margin definition requires further tuning.
As the next step, future work will directly leverage the intrinsic time-like dimension for risk estimation
tasks.
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